SHOULD I REMEMBER MORE THAN YOU?
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ABSTRACT. In this note we consider a general infinitely repeated game with N players
based on a deterministic stage game with a finite set of actions. We show that in the
situation where players ¢ € {1,2,...n — 1} employ stationary t;-bounded recall strategies
(t;-SBR strategy) there exists a t-SBR strategy for player n being the best response to the
original strategies. Thus, there is no need for perfect infinite recall when playing against
“bounded recall” players. Actually, it is sufficient if the best response strategy reveals
the same cognitive load as the “most complicated” original strategy, i.e., ¢ = max; t; . We
also reprove some older results for automata. Finally, we prove that the above described
condition for sufficient complexity of the best response strategy is also satisfied if we allow
for behavioral strategies or time-dependent bounded recall.

1. INTRODUCTION

There are two most frequent approaches modeling strategies of bounded complexity in
(infinitely) repeated games. Aumann and Sorin (1989); Neyman (1985, 1997); Aumann
(1981) and Lehrer (1988) consider players with bounded recall who have imperfect con-
sciousness of the actual stage of the game and their action in the current stage game relies
only on ¢ previous signals they observed and which they are capable to “remember”. Ru-
binstein (1986) and Abreu and Rubinstein (1988) deal with (infinitely) repeated games in
which players are represented by finite automata (Moore machines). These two models
enable to measure the complexity of the strategy. In the bounded recall approach the
strategy complexity is described by “depth of recall” ¢; the complexity of strategy played
by automaton is measured by the minimal number of states the automaton should have to
play the given strategy.

The following general question naturally arises: What is the complexity of the strategy
that is the best response to a strategy with a given complexity. Abreu and Rubinstein
(1988) show that for every finite automaton A; there exists a finite automaton Ay such
that A, maximizes own profit in the game against A; and the number of states of A, is
less or equal the number of states of Aj.

We address a similar question for bounded recall model. If a rational player with perfect
infinite recall looks for the best response against a general t-SBR strategy, it is enough,
if the best response strategy reveals the identical “memory capacity” t as the original
strategy. It is true that for every strategy with a bounded recall there exists an automaton
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that realizes the given strategy. Still, the complexity measure differs in the two approaches:
two strategies realized by the automata with identical number of states do not generally
reveal the same depth of bounded recall.

As a tool we use the theory of Markov decision processes (MDP), namely theorems on
existence of the best stationary strategy for a given MDP. In fact, once we get the idea
to re-phrase our problem as MDP our results are simple corollaries of results of Blackwell
(1962) and Derman (1965).

The new perspective of Blackwell’s optimality extends the previous results of Abreu and
Rubinstein (1988) in three different directions. First, the statements can be proven for
behavioral automata as well as for the behavioral SBR-strategies by the same manner.
Second, we get all the results also for behavioral strategies. Third, the Blackwell’s theorem
gives all statements in a robuster form — namely for the whole interval of discount factors
B € [Bo,1].

In the last part of our paper we show that for fixed § are our results valid also for
time-dependent automata. Since in this case the state space of the corresponding MDP
is not more finite, we employ the result of Derman (1965) for MDP with countable state
spaces.

All relevant notions will be defined and commented in the next section. Section 3
contains the main result and its proof.

2. PRELIMINARIES

2.1. Game and supergame. The set of (positive) natural numbers is denoted by N. If
X is a finite set, then A(X) denotes the set of all probabilities on X.

Throughout the paper G = (X1, X9, uy, ug) will be a fixed two person game in normal
form, where 3J; is a nonempty finite set of strategies for player i (i = 1,2) and u; : ¥ X3y —
R is the payoff function of player 7.

By a supergame of G (in notation G°°) we mean an infinite sequence of repetitions of G.
At each period t = 1,2,3,... players 1 and 2 make simultaneous and independent moves
steX,i=1,2.

Denote ¥ = ¥ x 5. If o € X, then the first and the second coordinate of v are denoted
by a' and o? respectively. The symbol <N denotes all finite sequences of elements of
¥ including the empty one. If we have a,b € <N, then the concatenation of a and b is
denoted by a’b.

Although we deal with two-person games only, one can immediately extends our results
to the game with n players (n > 2) since players 1,2,...,n — 1 can be considered as one
player playing actions from the space 1 X - -+ X ¥, _1.

2.2. SBR-strategies. A behavioral strategy for player i in G is a mapping w : 1N —
A(3;). The player ¢ following a behavioral strategy w plays at the ¢-th round an action
a € ¥; with the probability w(z1,...,2_1)(a) where (z1,...,21) € X! is the sequence
of actions which have been already played.

Let £k € N. By a behavioral k-SBR strategy for player i in G we mean a pair (e,w),
where e = (e1,€,...,¢e;) € X% and w : ¥¥ — A(Y;) is a mapping. Player ¢ following the
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strategy (e,w) plays as follows. If moves 21, ..., z; € 3 have been played, then player i takes
the sequence s, which is formed by the last & elements of the sequence (ey, . .., ek, 21, ..., 21),
and his k-th move is a € ¥; with the probability w(s)(a). It is easy to see that any
behavioral k-SBR strategy can be considered as a behavioral strategy in the sense of the
previous definition.

Notice that the behavioral strategies are not just convex combinations of deterministic
strategies: in the run of the game where one player employs strategy mixing s; and s, with
non-degenerated probabilities p; and ps we will never observe a cycle in comparison to any
deterministic -SBR strategy.

We say that a behavioral strategy o is a behavioral SBR strategy if o is a behavioral
k-SBR strategy for some k € N. The deterministic version of the above notions, i.e.,
strategy, k-SBR strategy, SBR strategy, are obtained just by replacing A(;) by %;.

2.3. Automata and behavioral automata. A k-state behavioral automaton (for player
1in G) is a quadruple (S, sq, v, 7), where S is a finite nonempty set (the state space), so € S
is the initial state, o : S — A(X;) is a probabilistic action function, and 7: S x ¥ — S'is a
transition function. A behavioral automaton (S, sg, a, 7) defines a behavioral strategy o'
(for player 1, say) inductively: o'(0) = a(sg), o' (21, ..., 2:) = a(s;), where s; = 7(s¢_1, 2¢).

Again a k-state (deterministic) automaton is defined by the replacement of A(X;) with
21.

2.4. Profit of the supergame. There is probably no canonical way how to define a
payoff function for G*. We employ the following approach. Let 0%, i = 1,2, be behavioral
strategies. We denote (o, 02) the unique measure on =N (defined on Borel sets) satisfying
p(w x XN) = 7(w) for every w € XN, where 7(w) denotes the probability that w is the
initial sequence in G*°, where player i follow the strategy o?, i = 1,2. Then we define the
following evaluation functions of the profit of the player 2 in G*°, where the player i follows
the strategy o, i = 1, 2.

Vit ) = [ (Z Bt‘luQ(mO) dn(o", o) (1)

t=1

F(al,UQ):/E hmsup( Zuz mt>dua o?) (1),

N k—oo

ﬂ(al’ﬁ):/ZNh’gglf( Zug mt>du0 o?)(1).

If o' and 0? are SBR strategies then the run in G* is uniquely determined and is
eventually periodic. It is not difficult to see that H (o', 0?) = H(o!, 0?) and the joint value

can be computed as average over the period, which appears in v € N

2.5. Markov decision processes. Let us recall some basic facts on Markov decision
processes (cf. Neyman (2003)). By a Markov decision process (MDP, for short) we mean
a 5-tuple (S, A, r, p, u) such that
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e S is a nonempty countable set (set of states),

e A is a nonempty finite set (set of actions),

e r(z,a) is a real number for every z € S and a € A (reward function),
e p(z,a) is a probability on S for every z € S and a € A,

e 4 is an initial probability on S.

One can interpret this structure as follows. The set A is the set of feasible actions which
can be played at any state z by the decision maker. The sequence (21, aq, 22, as, . .. ) of states
and actions of the process is realized in the following way. The initial state z; is chosen
with the probability u(z1). If the sequence (z1, ay, 29, @, . . ., 2;) has been constructed, then
the decision maker plays an action a;, then he receives a payoff r(z;, a;). The probability
of the next state z,,1 € S of the process is given by the probability distribution p(z;, a;).

A strategy for an MDP is a function o that assigns to every finite sequence of states
and actions h = (z1, a1, 22, as, ..., 2) a probability o(h) on A. If o(h) is always a Dirac
measure, then o is deterministic. By a stationary deterministic strategy for an MDP we
mean a deterministic strategy depending only on the last state. Thus one can view a
stationary strategy as a mapping assigning a € A to each z € S.

Fix an MDP and denote T = (S x A)N. The decision maker wants to maximize a
specific evaluation of the sequence (r(s;))?2, of payoffs, s € T. We will deal with the
following evaluation methods. Let o be a strategy for the decision maker. Let v(o) be a
measure on ¥ such that v(o)(w x T), w € (S x A)<N| equals probability that w is the
initial sequence, when the decision maker follows strategy o. We set

v(B,0) = iﬂt_lr(ﬁt) dv(o)(s),
T

2.6. The existence of optimal stationary strategy. The key tool in our paper is
Blackwell theorem and Derman theorem. The term “strategy” is considered here in the
context of MDP.

Theorem 2.1 (Derman, 1965). Let (S, A,r,p, u) be an MDP and B € (0,1). Then there
is a stationary deterministic strategy o such that, for every strategy T, we have v(B3,0) >

v(B,7).

Theorem 2.2 (Blackwell, 1962). Let (S, A,r,p, u) be an MDP with finitely many states.
Then there is a stationary deterministic strategy o and a discount factor By € (0,1) such
that

e for every strateqy T, we have v((

,0) > v(B,7) for every B € [Bo,1);
e for every strategy T, we have h(o) > h

(7);
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o for everye > 0 there exists N € N such that, for every strategy 7 and everyn > N,
we have

/T (%Zw) dv(o)(s) > / (%ZW) dv(r)(s) - =

t=1 t=1
3. MAIN RESULT
3.1. Finite state automata and k-SBR strategies.

Theorem 3.1. Let o' be a behavioral k-SBR strategy of player 1 in G™ (a strategy of
player 1 in G* that is defined by a behavioral k-state automaton respectively). Then the
following holds.

(i) For every B € (0,1) there exists a k-SBR strateqy o® (a strategy o defined by a
k-state automaton respectively) such that for every behavioral strategy T in G we
have

Vs(ot, ) > Vs(at, 7).

(i) There is a k-SBR strategy o* (a strategy o* defined by a k-state automaton respec-

tiely) and a discount factor 5y € (0,1) such that
— for every behavioral strateqy T and every 5 € [By, 1), we have

V5(01,02) > Vg(al,T);
— for every behavioral strategy T, we have
f behavioral strat h
H(c',0%) > H(c",7);

— for every e > 0 there exists N € N such that, for every behavioral strateqy T
and every n > N, we have

/ZN (%Zw(m)) dp(oy, 09) () > /ZN (%2“2(%)) du(or, 7)(w) —e.

Proof. The only thing to do is to establish a correspondence between MDP and behavioral
k-SBR strategies (behavioral k-state automata respectively). First suppose that o' is
a behavioral k-SBR strategy for the player 1. Write o' = (e,¢). We define an MDP
(S, A, 7, p, i) as follows. We set S := ¥* A :=3,, u will be Dirac measure sitting at e and

for every z = (21,...,2;) € 5, a € Xy we define
r(z,a) = Z o(2)(c) - ug(c, a),
_)e)(e) w=(z,...,2)"([cd]),
p(z;a)(w) = {0 otherwise.

To prove assertion (i) we use Theorem 2.1 giving a stationary deterministic strategy w
such that for every strategy 7 of the decision maker in MDP, we have v(3,w) > v(53, 7).
The stationary deterministic strategy w is a mapping w : S — 35. The desired strategy o?
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is defined as the pair (e,w). Now let ¥ be a behavioral strategy in G* for player 2. One
can consider ¥ also as a strategy for the decision maker in our MDP. Then we have

Vs(o',0%) = v(B,w) > v(B,¢) = Vs(o",¢)

and we are done.

As for assertion (ii) we proceed in the same way but instead of Theorem 2.1 we use
Theorem 2.2.

Now assume that the strategy o' is defined via a k-state behavioral automaton (S, sq, @, 7).
Let S:= S5, A:= ¥y, let u be Dirac measure sitting at sg, p(z,a) := 7(z,a), and

r(z,a) = Z a(z)(c) - us(c, a)

cEX

for every z € S,a € 3. Applying Theorems 2.1 and 2.2 to the MDP (S, A, r, p, u) we get
the desired conclusions. ]

Remark 3.2. A part of (ii) can be found in Abreu and Rubinstein (1988), where deter-
ministic automata are studied.

3.2. Time-dependent automata. The literature on Markov decision processes is vast
and offers different modifications of the approach presented above. Let us conclude this
note by an application of Derman’s theorem to time-dependent automata.

The game G and the corresponding supergame G are as above. A k-state time-
dependent behavioral automaton (for player ¢ in () is a quadruple (S, sg, cv, 7), where S is a
set with £ € N elements (the state space), so € S is an initial state, a : N x .S — A(Y;) is a
probabilistic action function, and 7: N x S x ¥ — S is a transition function. An automa-
ton (S, sg, a, 7) defines a behavioral strategy o' : <N — A(X;) for player ¢ inductively:
o' (0) = a(1,s0), 0'(21,...,2) = a(t + 1,s;), where s, = 7(t, 51, 2¢).

Theorem 3.3. Let o' be a strategy of player 1 in G that is defined by a k-state time-
dependent behavioral automaton. Then for every B € (0,1) there exists a strateqy o defined
by a k-state time-dependent deterministic automaton such that for every strategy T in G*°
we have

V5<O'1,0'2) > Vﬂ(O’l,T).

Proof. Assume that the strategy o! is defined via a k-state time-dependent behavioral

automaton (S, sg, v, 7). We define an MDP (S, A, r, p, u) as follows: S :=Nx S A :=3%,,
w1 is Dirac measure sitting at sg, and for every (n,s) € N x S’ =S, a € ¥ we have

r(n,s,a) = Z a(n, s)(c) - us(c, a),

cEX
p(n, s,a) := Dirac measure sitting at (n+ 1,7(n, s, a)).

Applying Theorem 2.1 we get a deterministic stationary strategy w : N x S" — ¥, such
that for every strategy 7 of the decision maker in our MDP, we have v(8,w) > v(f, 7).
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The desired automaton (S*, s, *, 7*) is defined by S* := 5', s§ := (1, s0), and for every
neN,se S aeX, weset

a*(n,s) :=w(n,s),

m(n,s,a) :=1(n, s, a).
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